Abstract. F or convex co-compact hyperbolic manifolds of even dimension n + 1 , w e derive a P oisson-type formula for scattering resonances which m a y be regarded as a version of Selberg's trace formula for these manifolds. 
Introduction
In 12], Guillop e and Zworski prove a P oisson summation formula for the scattering resonances of a hyperbolic surface X with nite geometry, i.e., X consisting of a compact manifold-with-boundary together with a nite number of cusps and funnels. This Poisson summation formula implies a polynomial lower bound on the counting function for scattering resonances and lower bounds for the counting function of scattering resonances in strips. Our purpose here is to generalize both the Poisson summation formula and the lower bounds on resonances to convex co-compact hyperbolic manifolds in any dimension. Whereas 12] relies on the analysis of 11], which depends crucially on the special geometry of two-dimensional hyperbolic surfaces, our analysis uses the results of 23] on the divisor of Selberg's zeta function which are valid in any dimension, although only for hyperbolic manifolds without cusps. The Poisson summation formula will be shown to be a simple consequence of the main result in 23] , and the lower bounds on resonances will follow precisely as in 11, 1 2 ] once the Poisson formula is established.
To state our results let us recall some basic facts about the spectral and scattering theory of convex co-compact hyperbolic manifolds, and the main result of 23] about the zeta function.
If ; is a discrete group of isometries acting on H n+1 , the group ; is called convex co-compact if there is a nite-sided fundamental domain for ; which d o e s n o t t o u c h the limit set of ; and has in nite hyperbolic volume. If in addition ; is torsion-free, the orbit space X = ; nH n+1 is a complete Riemannian manifold of in nite volume it is also the interior of a compact manifold X with boundary, and the hyperbolic metric takes the form ;2 h where is a de ning function for @ X and h is the restriction to X of a smooth nondegenerate metric on X. The Laplacian, X , has at most nitely many L 2 -eigenvalues in 0 n 2 =4) and purely absolutely continuous spectrum in n 2 =4 1) a s w as shown in the pioneering work of Lax and Phillips 14, 1 5 ] . Thus the L 2 -resolvent R X ( ) = ( X ; ) ;1 is meromorphic in the cut plane Cn n 2 =4 1) it is convenient t o i n troduce a uniformizing parameter s and write R X (s) = ( X ; s(n ; s)) ;1 so that R X (s) is meromorphic in the half-plane < (s) > n = 2. We denote by Z p the nite (and possibly empty) set of > n = 2 with (n ; ) an eigenvalue of X , and by m the multiplicity of the corresponding eigenvalue. Melrose and Mazzeo 16] showed that R X (s) admits a meromorphic continuation to the complex plane when viewed as a map from C 1 0 (X) t o C 1 (X) the poles of the meromorphically continued resolvent a r e called resolvent resonances. I f is a resolvent resonance, its multiplicity is the number m = R a n k Z R X (s) ds ! where is a closed curve of index one surrounding and no other pole of R X (s). If dim(X) i s e v en, the principal result of 3] states that,with nitely many exceptions, the resolvent resonances coincide with scattering resonances, i.e., poles of the meromorphically continued scattering operator. The same result is believed to hold if dim(X) is odd but the equivalence has not been proved in this case. We n o w describe the scattering operator and its meromorphic continuation since our method actually yields estimates on the distribution of scattering resonances.
Consider solutions u 2 C 1 (X) o f t h e e i g e n value equation ( X ; s(n ; s))u with < (s) = n=2, s 6 = n=2, having the form u = s F + + n;s F ; for functions F 2 C 1 ( X). Such solutions are scattering eigenfunctions of X and it is known that u is uniquely determined by the`Dirichlet datum' f ; = F ; j @ X moreover such solutions exist for any g i v en f ; 2 C 1 ; @ X 2, 1 3 , 1 7 ] . Thus, letting f + = F + j @ X , the map where the sum converges for < (s) > (;), the exponent of convergence for the discrete group ;. Note that, for the groups considered here, (;) 2 0 n ). The zeta function extends to a quotient o f e n tire functions of order n + 1 and nite type with zeros at the eigenvalues of X and scattering resonances of X and zeros at s = ;k, k = 0 1 2 of multiplicity
where ( holds for a positive constant C X ( 23] , Theorem 1.9). By standard estimates on Hadamard products, top (t) = (X) Z 0 0 (n=2 + it)=Z 0 (n=2 + it) + Z 0 0 (n=2 ; it)=Z 0 (n=2 ; it)] : grows polynomially a s j< (t)j ! 1 on the line = (t) = 0, and has poles at t = i (n=2 + k) with integral residues h n (k) for k = 0 1 2 , and by symmetry poles with the same residues at t = ;i (n=2 + k). Our rst result is a Poisson summation formula for the scattering resonances of X. F or j 2 Z p , w e write j = n=2 + i j (note that =( j ) < 0), and for j 2 Z s , w e write j = n=2 + it j , s o t h a t r j = jt j j. Theorem 1.1. Let X = ; nH n+1 where ; is convex co-compact and torsion-free, and n + 1 is even. Let ' 2 S (R) and suppose that' is a real-valued function belonging to C 1 0 (R). This bound is optimal in the sense that there are examples with N(r) Cr n+1 in n + 1 dimensions (odd or even see for example Appendix B of 23]), and poor in the sense that, in some of these same examples, the underlying manifold X has zero Euler characteristic! The proof of Theorem 1.2 is actually`classical' in the sense that it is very similar to Selberg's proof of Weyl's law for nite-volume hyperbolic manifolds, and exploits the fact that the last righthand term is actually dominant in the trace formula. Note that, while the Euler characteristic is known to be negative in dimension two, it need not be so in higher dimensions.
We can also obtain, exactly as in 12], lower bounds for the counting function of resonances in strips. As in 12] w e recall that f (r) = ( g(r)) if there does not exist a constant C for which jf (r)j C jg (r)j. W e t h e n h a ve (compare 12], Theorem 2): Theorem 1.3. Let N a (r) = # fr k : jr k j r j= (r k )j < a g. Although it is generally believed that these two sets coincide with multiplicities, a proof has only been given in case X has even dimension 3].
Finally, it should be remarked that the methods of proof here are rather special to manifolds of constant negative curvature since it is not expected that an exact formula of the form (1.4) will hold even for compactly supported metric perturbations. It is generally believed, however, that the results obtained here on the distribution of scattering poles should hold true for compactly supported perturbations and perhaps for the class of asymptotically hyperbolic manifolds considered, for example in 16].
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Poisson's Summation Formula
Let (t) = Z 0 (n=2 + it) Z (n=2 + it) and (t) = ( t) + ( ;t): for any positive i n teger M, a positive constant C M , and a constant a > 0 depending on supp . In order to use the Hadamard product representation, we will need to close a contour in the upper complex t-plane in order to use the dynamical formula, we will need to shift contours to integrate in the region where the in nite sum which represents the logarithmic derivative is absolutely convergent. It will be important t o c hoose contours whose distance to the scattering poles is controlled.
Let r k = j k ; n=2j so ordered that the sequence fr k g is monotone nondecreasing. ;Rj top (t)'(t) dt converges absolutely owing to the polynomial decay o f '(t). Since bound is a nite sum, a straightforward argument s h o ws that R Rj ;Rj bound (t) ' (t) dt converges to ;2 X m`' (; `) :
Thus it remains to consider the integral of scatt (t).
Let C 1 be the closed contour consisting of the segment ft : ;R j t R j g together with the semicircle fR j exp(i ) : 0 g, a n d l e t C 2 consist of the semicircle alone. Then Proof. If (;) < n = 2 the proof is a direct computation using the de nition of the zeta function thus suppose (;) n=2. Choose and x an > 0 s o t h a t 0 < < n ; (;). We will consider (t) a n d ( ;t) separately. L e t C 3 be the contour consisting of the segment ft : ;R j t R j g along the real t-axis, the portion of the circle jtj = R j lying between the lines =(t) = 0 a n d = (t) = ; ( (;) ; n=2 + ), and the segment o f =(t) = ; ( (;) ; n=2 + ) bounded by the circle jtj = R j , with clockwise orientation. The contours C 4 and C 5 are respectively the segment o f =(t) = ; ( (;) ; n=2 + ) bounded by the circle jtj = R j and the portion of that circle lying between =(t) = 0 a n d = (t) = ;n=2, but with orientation opposite to the corresponding segments of C 3 . Clearly ;Rj ( ;t) '(t) dt we proceed much as before except that the contour C 3 now r u n s b e t ween the lines =(t) = 0 and =(t) = n=2, so that C 4 is a segment o f t h e line =(t) = n=2. A similar argument g i v es is an appropriate test function the idea is to single out the contribution from a single length. We n o w split the sum over resonances into those with =(t j ) > , those nitely many with = (t j ) < 0, and those lying in the strip 0 = (t j ) . One now estimates these terms exactly as in 12] and derives a contradiction by assuming that the function P ( r) = # ft j : 0 = (t j ) jt j j rg is bounded by Cr 1;" for given > 0 a n d su ciently large.
